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Abstract
We present a procedure which allows one to integrate explicitly the class of checkerboard
IC-nets which has recently been introduced as a generalisation of incircular (IC) nets. The
latter class of privileged congruences of lines in the plane is known to admit a great variety
of geometric properties which are also present in the case of checkerboard IC-nets. The
parametrisation obtained in this manner is reminiscent of that associated with elliptic bil-
liards. Connections with discrete confocal coordinate systems and the fundamental QRT
maps of integrable systems theory are made. The formalism developed in this paper is based
on the existence of underlying pencils of conics and quadrics which is exploited in a Laguerre
geometric setting.
Figure 1. Left: An example of an IC-net. Right: An example of a checkerboard IC-net.
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1 Introduction
The construction and geometry of incircular nets (IC-nets) and their generalisation to checker-
board IC-nets have recently been discussed in great detail in [AB]. IC-nets were introduced by
Bo¨hm [B] and are defined as congruences of straight lines in the plane with the combinatorics
of the square grid such that each elementary quadrilateral admits an incircle as depicted in
Figure 1 (left). IC-nets have a wealth of geometric properties, including the distinctive feature
that any IC-net comes with a conic to which its lines are tangent. Another important aspect
is that IC-nets discretise confocal quadrics. In fact, it has been observed in [BSST2] that IC-
nets constitute particular instances of discrete confocal coordinate systems in the plane, which
provides a first indication that IC-nets should be examined in the context of integrable discrete
differential geometry [BS]. In this connection, it is noted that an integrable systems approach
to the discretisation of confocal quadrics has been taken in [BSST1]. IC-nets are closely related
to Poncelet(-Darboux) grids originally introduced by Darboux [D1] and further studied in [LT]
and [Sch].
Due to the combinatorial structure of IC-nets, their lines and circles may not be consistently
oriented in such manner that these are in oriented contact. However, IC-nets are intimately
related to checkerboard IC-nets which do exhibit this feature. Once again, the lines of checker-
board IC-nets have the combinatorics of the square grid but it is only required that every second
quadrilateral admits an incircle, namely the “black” (or “white”) quadrilaterals if the quadri-
laterals of the net are combinatorially coloured like those of a checkerboard. An example of a
checkerboard IC-net is displayed in Figure 1 (right).
Confocal checkerboard IC-nets constitute an important subclass of checkerboard IC nets
and are characterised by their lines being tangent to a conic as in the case of IC-nets. This
terminology is due to the remarkable fact that the points of intersection of the lines of a confocal
checkerboard IC-net lie on conics which are confocal to the underlying conic.
In general, checkerboard IC-nets may be constructed in the following manner. One starts
with a circle ω1,1 and four tangents `1, `2, m1 and m2. Subsequently, as indicated in Figure 2,
one chooses four circles ω0,0, ω0,2, ω2,2 and ω2,0 which touch the pairs of lines forming the
“corners” of the configuration of given lines. The four lines `0, `3, m0, and m3 being tangent to
the respective pairs of circles are then fixed so that, in turn, the circles ω1,3 and ω3,1 are uniquely
determined. An additional degree of freedom is obtained by choosing the circle ω3,3 Now, the
entire checkerboard net is predetermined. Indeed, we first construct the lines `4 and m4, then
the circles ω4,0, ω4,2, ω0,4, ω2,4 and, finally, the lines `5 and m5. The existence of the circle ω4,4
is non-trivial and follows from an incidence theorem [AB]. In Section 3, we present a simpler
proof of this theorem, using the formalism developed in this paper. Iterative application of this
theorem now generates a checkerboard IC-net of arbitrary size. In summary, a checkerboard
IC-net is uniquely determined by five neighbouring circles ω0,0, ω2,0, ω0,2, ω2,2, ω1,1 and the
circle ω3,3. Thus, up to Euclidean motions and homotheties, checkerboard IC-nets form a real
eight-dimensional family of nets.
The main objective of this paper is the explicit integration of (generic) checkerboard IC-nets
in terms of Jacobi elliptic functions [NIST] similar to that of elliptic billiards [DR]. As a result,
we establish explicit connections with, for instance, the discrete confocal coordinate systems
mentioned above and the celebrated (symmetric) QRT mappings [QRT] which play a funda-
mental role in the theory of discrete integrable systems (see, e.g., [IR] and references therein).
We also prove constructively the existence and provide examples of confocal checkerboard IC-
nets which are closed (embedded) in the “azimuthal” direction. In order to achieve these results,
we adopt a Laguerre geometric point of view which is natural due to the above-mentioned ori-
entability of the lines and circles of checkerboard IC-nets. The necessary theoretical background
of Laguerre geometry [BT, BS] is provided in the Appendix. Thus, we first determine the class
of checkerboard IC-nets which may be mapped to confocal checkerboard IC-nets by means of
real Laguerre transformations. Here, it is noted that, in the complex setting, all checkerboard
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ω0,0,,0 0,0 0,, ω2,0,,2 0,2 0,, ω4,0,,4 0,4 0,,
ω1,1,,1 1,1 1,, ω3,1,,3 1,3 1,, ω5,1,,5 1,5 1,,
ω0,2,,0 2,0 2,, ω2,2,,2 2,2 2,, ω4,2,,4 2,4 2,,
ω1,3,,1 3,1 3,, ω3,3,,3 3,3 3,, ω5,3,,5 3,5 3,,
ω0,4,,0 4,0 4,, ω2,4,,2 4,2 4,, ω4,4,,4 4,4 4,,
ω1,5,,1 5,1 5,, ω3,5,,3 5,3 5,, ω5,5,,5 5,5 5,,
Figure 2. An elementary construction of a checkerboard IC-net
IC-nets are Laguerre-equivalent to confocal checkerboard IC-nets. The classification of checker-
board IC-nets in the real setting is based on the standard classification of pencils of conics [L]
which emerges due to the important observation that any checkerboard IC-net admits an un-
derlying pencil of quadrics. It should be noted that Laguerre geometry is indispensable in the
investigation of IC-nets. Recently, this classical (but lesser-known) geometry has been applied
to solve problems not only in geometry [SPG] but also in free-form architecture [PGB].
The second step in the procedure is to parametrise confocal checkerboard IC-nets. This is
done via the base curve which is shared by the pencil of quadrics associated with any given
checkerboard IC-net. These base curves are known to be just another avatar of so-called hy-
percycles [Bl] which constitute particular curves in the plane of degree 8. In fact, it is demon-
strated that the lines of a checkerboard IC-net are tangent to a hypercycle. In the case of a
confocal checkerboard IC-net, the hypercycle degenerates to the union of two identical conics
with different orientations. The above-mentioned (hypercycle) base curves are of degree 4 and
may be parametrised in terms of Jacobi elliptic functions. This will then lead to an explicit
parametrisation of confocal checkerboard IC-nets and their Laguerre transforms. Furthermore,
this parametrisation also applies to the generalised checkerboard IC-nets introduced at the end
of the paper. Their geometric construction is very natural within the Laguerre-geometric frame-
work established here and gives rise to a connection with “non-autonomous” QRT maps (see,
e.g., [RJ] and references therein).
2 Checkerboard IC-nets. Definition and elementary properties
Checkerboard IC-nets have the combinatorics of a checkerboard, where all “black” quadrilaterals
have inscribed circles (see Fig. 2). These were introduced in [AB].
Definition 2.1. A checkerboard IC-net is comprised of oriented lines `i,mj in the plane with
i, j ∈ Z such that for any k and n the lines `2k, `2k+1, m2n,m2n+1 as well as the lines `2k−1, `2k,
m2n−1,m2n have a circle in oriented contact. The points of intersection `i ∩mj are vertices of
the corresponding quadrilateral lattice Z2 → R2.
Remark 2.1. We interpret the lines `i as combinatorially vertical and mj as combinatorially
horizontal. Checkerboard IC-nets become IC-nets when every second combinatorially horizontal
strip and every second vertical strip degenerates in the sense that the two lines of such a strip
coincide up to their orientation. Then, all remaining quadrilaterals admit inscribed circles, and
all lines are non-oriented. An important property of IC-nets is that all their lines are tangent
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Figure 3. Graves–Chasles theorem
to a conic [AB]. The proof of this fact is based on the Graves-Chasles theorem [D2, §174] (see
also [IT]).
Theorem 2.1 (Graves–Chasles theorem). Suppose that all sides of a complete quadrilateral
touch a conic α. Denote pairs of its opposite vertices by {a, c}, {b,d}, and {e,f} (see Figure
3). Then, the following four properties are equivalent:
(i) (abcd) is circumscribed,
(ii) Points a and c lie on a conic confocal with α,
(iii) Points b and d lie on a conic confocal with α,
(iv) Points e and f lie on a conic confocal with α.
IC-nets are intimately related to a subclass of checkerboard IC-nets, namely confocal checker-
board IC-nets.
Definition 2.2. [AB]. A checkerboard IC-net is called confocal if all lines of it are tangent to
a conic.
In fact, this class of checkerboard IC-nets constitutes a natural generalisation of IC-nets.
However, in contrast to IC-nets, here, all circles and lines can be oriented so that the corre-
sponding circles and lines are in oriented contact. Moreover, confocal checkerboard IC-nets can
be regarded as subdivisions of IC-nets. This follows from the following lemma.
Lemma 2.2. Let the six lines `0, `1, `2,m0,m1,m2 in Figure 4 (left) touch a conic. Then, any
two of the incidences
(i) `0, `1,m0,m1 are tangent to a circle,
(ii) `1, `2,m1,m2 are tangent to a circle,
(iii) `0, `2,m0,m2 are tangent to a circle,
imply the third one.
Proof. Let the lines `0, `1, `2,m0,m1,m2 be tangent to a conic α. Consider the three points of
intersection `0∩m0, `1∩m1, `2∩m2. If, for instance, the two circles in (i) and (ii) exist then the
Graves–Chasles theorem implies that the pairs of points (`0∩m0, `1∩m1) and (`1∩m1, `2∩m2)
lie on conics confocal to α and, hence, on a common conic confocal to α. Application of the
Graves–Chasles theorem to the third pair of points of intersection (`0∩m0, `2∩m2) now implies
that the circle in (iii) exists.
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Figure 4. Confocal checkerboard IC-nets as subdivisions of IC-nets. Two incidence theorems.
It is now evident that replacing pairs of diagonally neighbouring circles of a checkerboard
IC-net by “large” circles inscribed in combinatorial 2× 2 quadrilaterals as in Lemma 2.2 leads
to an associated IC-net. The converse is also true.
Theorem 2.3. For every IC-net there exists a one-parameter family of subdivisions into confocal
checkerboard IC-nets with the same tangent conic α.
Proof. In order to describe a subdivision of an IC-net into a checkerboard IC-net, one should
consider a larger part of the net as shown in Figure 4 (right). Thus, let `2n,m2n be lines of
an IC-net with the tangent conic α and orient them as in Figure 4. Choose an arbitrary line
`1 touching the conic α or, equivalently, a circle C1 in oriented contact with `0, `1,m0. Define
m1 as the fourth line touching α and C1. The circle C2 is the unique circle in oriented contact
with `2,m0,m1, and C3 is in oriented contact with `0, `1,m2. Define the lines `3 and m3 by the
requirement that they touch α and C2 and C3 respectively.
By applying the Graves–Chasles theorem and the above lemma, one can now show that the
lines `2, `3,m2,m3 have a common circle C4 in oriented contact. Indeed, according to Lemma 2.2,
the existence of the circles C1 and the (original) circle C
∗
1 which touches the lines `0, `2,m0,m2
gives rise to a circle C5 which is circumscribed by the lines `1, `2,m1,m2. The existence of the
circles C2, C3, C5 implies, in turn, that the points of intersection `0∩m3, `1∩m2, `2∩m1, `3∩m0
lie on a conic confocal to α. Accordingly, the lines `0,m0, `3,m3 circumscribe a circle C6. A
second application of Lemma 2.2 to the circles C∗1 , C6 leads to the existence of the circle C4.
Iterative application of the above procedure generates all lines of a checkerboard IC-net
subdivision with odd indices, that is, `2n+1,m2n+1. The only free parameter of this subdivision
is encoded in the line `1 touching α.
3 Laguerre geometric description of checkerboard IC-nets
It is natural to study checkerboard IC-nets in terms of Laguerre geometry. Such a description
will allow us to prove fundamental properties of these nets and will finally lead to an explicit
description of them. Here, we present a brief description of checkerboard IC-nets using the
Blaschke cylinder model, consigning more details of Laguerre geometry to the Appendix.
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Figure 5. Blaschke cylinder model: Oriented lines are points ` ∈ Z and oriented circles are planes
S which do not intersect Z along its generators. Circles in oriented contact with two lines `1 and `2
are planes containing the line L = (`1, `2).
Laguerre geometry in the plane deals with oriented circles and oriented straight lines. Lines
{x ∈ R2 : (v,x)R2 = d},
with unit normals v ∈ S1 and d ∈ R, can be put into correspondence with 3-tuples (v, d).
Opposite 3-tuples (v, d) and (−v,−d) correspond to two different orientations of the same line.
Thus, oriented lines are points of the Blaschke cylinder
Z = {` = (v, d) ∈ R3 : |v| = 1} = S1 × R ⊂ R3.
Oriented circles
{x ∈ R2 : |x− c|2 = r2}
with centres c ∈ R2 and signed radii r ∈ R are in one-to-one correspondence with planes in R3
non-parallel to the axis of the Blaschke cylinder Z:
S = {(v, d) ∈ R3 : (c,v)R2 − d− r = 0}.
Pairs of signed radii r and −r correspond to two different orientations of the same circle. The
intersection of such a plane S with Z consists of points of Z which represent lines in oriented
contact with the corresponding circle, i.e., oriented lines which are tangent to the circle and
exhibit corresponding orientation. Accordingly, the set of planes in R3 passing through a given
point ` = (v, d) ∈ Z may be identified with the set of oriented circles in oriented contact with
the oriented line `. Finally, the set of planes in R3 passing through two points `1, `2 ∈ Z, i.e., the
set of planes containing the line L = (`1, `2) ⊂ R3, is identified with the set of oriented circles
in oriented contact with the lines `1 and `2 (see Figure 5). The latter identification, together
with the fact that four oriented lines are in contact with a common oriented circle if and only
if the four corresponding points of the Blaschke cylinder are coplanar, will be crucial for the
description of checkerboard IC-nets.
3.1 The Laguerre geometry of checkerboard IC-nets
As we have seen in Section 2, the following incidence theorem is of crucial importance for the
elementary construction of checkerboard IC-nets.
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Theorem 3.1. (Checkerboard incircles incidence theorem) Let `1, . . . `6, m1, . . . ,m6 be 12 ori-
ented lines which are in oriented contact with 12 oriented circles S1, . . . , S12 as shown in Figure 6
(top), corresponding to “black” quadrilaterals of a 5× 5 checkerboard IC-net. In particular, the
lines `1, `2, m1, m2 are in oriented contact with the circle S1, the lines `3, `4, m1, m2 are
in oriented contact with the circle S2 etc. Then, the 13th “black” checkerboard quadrilateral
also has an inscribed circle, i.e., the lines `5, `6, m5, m6 have a common circle S13 in oriented
contact.
This theorem was originally proven in [AB]. Here, we give a slightly simpler proof which is
also instrumental in the explicit integration of the nets. We assume that, modulo the existence
of the 12 oriented circles, the 12 oriented lines are in general position. We begin with a simple
lemma used in the proof.
Lemma 3.2. Let p1, p2 be two points which belong to all members of a pencil of quadrics
Qt. Then, there exists a unique quadric Qt12 from the pencil which contains the whole line
L12 = (p1, p2). If the line L34 = (p3, p4) associated with another pair of common points p3, p4
intersects the line L12 then the two quadrics Qt12 and Qt34 coincide.
Proof. Even though we will apply this lemma to quadrics in R3, we will prove it in its natu-
ral projective setting. Thus, let q1, q2 be two quadratic forms generating the pencil with the
quadratic form qt = q1 + tq2. The points p1 = [v1], p2 = [v2] with v1 and v2 being homoge-
neous coordinates belong to all quadrics of the pencil iff q1(v1) = q1(v2) = q2(v1) = q2(v2) = 0.
The line L12 = (p1, p2) belongs to the quadric determined by qt12 iff qt12(v1, v2) = 0 so that
t12 = − q1(v1,v2)q2(v1,v2) . Vanishing of the denominator is the case when the line lies on the quadric
determined by q2. Moreover, if the line L34 = (p3, p4) passing through another pair of common
points p3, p4 intersects the line L12 then the point of intersection and p3, p4 belong to the quadric
Qt12 . Accordingly, the line L34 is contained in Qt12 so that Qt12 = Qt34 .
Proof of Theorem 3.1. Here, it is convenient to interpret the statement of the theorem in terms
of the Blaschke cylinder model. Thus, as explained above the lines Li intersecting the Blaschke
cylinder Z in the points `i and `i+1 describe one-parameter sets of circles in oriented contact with
the lines `i and `i+1. Some of the lines Li and Mk intersect. For instance, the one-parameter
families of circles corresponding to L1 and M1 contain the common circle S1, corresponding
to the plane determined by L1 and M1. We obtain the incidence picture shown in Figure 6
(bottom), wherein the points of intersection of the relevant pairs Li,Mk are indicated by small
circles. Moreover the lines Li and Li+1 intersect since they pass through the same points in Z
and so do the lines Mk and Mk+1. The points of intersection correspond to the lines `i+1 and
mk+1 respectively. For example `2 = L1 ∩ L2.
In order to prove the existence of the circle S13, we have to show that the lines L5 and M5
intersect. We first note that the three lines L1, L3, L5 determine a hyperboloidH ⊂ R3 and recall
that a line which intersects a quadric in three points is contained in the quadric. Accordingly,
since M1 and M3 intersect the lines L1, L3, L5, these are contained in H. The intersection of the
lines L5 and M5 is equivalent to the inclusion M5 ⊂ H. The latter property may be proven as
follows.
Since `2, `3 belong to both quadrics Z,H, Lemma 3.2 implies that there exists a unique
quadric H˜ in the pencil of quadrics generated by H and Z which contains the whole line L2.
We now consider the three points m2,m3, L2 ∩M2 of M2. Since m2 and m3 are common to H
and Z, these are contained in H˜. Hence, m2,m3, L2 ∩M2 ∈ H˜ so that M2 ⊂ H˜. This implies,
in turn, that `4, `5, L4 ∩M2 ∈ H˜ and, hence, L4 ⊂ H˜. Consequently, m4, L2 ∩M4, L4 ∩M4 ∈ H˜
so that M4 ⊂ H˜. In particular, m5 lies in H˜ (and Z) and, therefore, in H. Moreover, L1 ∩M5
and L3 ∩M5 lie in H which finally implies that M5 ⊂ H.
It is observed that iterative application of Theorem 3.1 leads to the unique construction of
an arbitrarily large checkerboard IC-net with lines Ln and Mn, n ∈ Z. The hyperboloids H and
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Figure 6. Checkerboard incircles incidence theorem. Top: Existence of the last circle S13. Bottom:
The Blaschke cylinder description. Pairs of intersecting lines Li,Mk correspond to circles, whereas
the points of intersection of the lines Li, Li+1 and Mk,Mk+1 encapsulate the common oriented lines
`i+1 and mk+1 respectively.
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Figure 7. The lines of a checkerboard IC-net are tangent to a hypercycle. The hypercycle on the
right consists of two coinciding ellipses of different orientations, encapsulating the tangent conic of
a confocal checkerboard IC-net.
H˜ as constructed above then contain all lines L2k+1,M2k+1 and L2k,M2k respectively. Thus, we
have come to the important conclusion that a checkerboard IC-net encodes two quadrics which
belong to a pencil containing the Blaschke cylinder Z.
Corollary 3.3. In the Blaschke cylinder model, the lines L2k+1 = (`2k+1, `2k+2), M2k+1 =
(m2k+1,m2k+2) and L2k = (`2k, `2k+1), M2k = (m2k,m2k+1) associated with a checkerboard IC-
net “in general position” are generators of hyperboloids H and H˜ respectively which belong to a
pencil of quadrics containing the Blaschke cylinder Z.
For future reference we denote the common curve of intersection of the above-mentioned
quadrics by
C = H ∩Z = H˜ ∩ Z = H ∩ H˜ ∩ Z.
Definition 3.1. A (non-empty) curve of intersection of the Blaschke cylinder with a quadric is
called a hypercycle base curve.
The straight lines corresponding to the points of a hypercycle base curve are tangent to a
curve in the plane which is generically of degree 8. This planar curve is called a hypercycle
[Bl]. It is noted that a hypercycle base curve and the corresponding hypercycle are merely two
different incarnations of the same object C. In terms of this terminology, we have proven the
following theorem (see Figure 7).
Theorem 3.4. The lines of a checkerboard IC-net are tangent to a hypercycle.
In the following, it is convenient to adopt a notion of genericity.
Definition 3.2. A quadric in R3 is termed generic if it does not contain the “point at infinity”
on the axis of the Blaschke cylinder. A generic hypercycle base curve is the intersection of a
generic quadric with the Blaschke cylinder. A pencil of quadrics containing the Blaschke cylinder
is generic if one and, therefore, all quadrics of the pencil other than the Blaschke cylinder are
generic. A checkerboard IC-net is generic if it is associated with a generic hypercycle base curve
or, equivalently, a generic pencil of quadrics.
We note that the standard square grid (appropriately oriented) does not constitute a generic
checkerboard IC-net. Moreover, the above definition implies that the hypercycle base curve
C ⊂ Z associated with a generic quadric has bounded d-coordinate.
Corollary 3.5. The lines of a generic checkerboard IC-net lie in bounded distance to the origin.
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Figure 8. Construction of checkerboard IC-nets in the Blaschke cylinder model. The lines
L2k+1,M2k+1 (red) and L2k,M2k (blue) are generators of the quadrics H and H˜ respectively.
3.2 Construction of checkerboard IC-nets
We are now in a position to formulate the construction of checkerboard IC-nets in the Blaschke
cylinder model. One starts with two one-sheeted hyperboloids H, H˜ of a pencil of quadrics
containing Z and two points `1,m1 of the hypercycle base curve C = H ∩ Z. Let us make a
choice and refer to one of the families of straight lines (generators) of the hyperboloid H as the
L-family and the other one as the M -family. Make the choice of the L- and M -families on H˜
as well. Now, the checkerboard IC-net is uniquely determined in the following sense. Label
by L1 the line from the L-family of H passing through `1 and denote by `2 its second point of
intersection with C. Similarly, the point m2 ∈ C is the second point of intersection with Z of
the M -line of H labelled by M1 passing through m1. Proceed further with the generators of the
hyperboloid H˜, where L2 and M2 are the L-line and M -line of H˜ passing through `2 and m2
respectively. The additional points of intersection with C are denoted by `3 and m3 respectively.
By alternating in this manner between the hyperboloids H and H˜, the lines of a checkerboard
IC-net `n and mn represented as points of the hypercycle base curve which are connected by
generators Ln = (`n, `n+1) and Mn = (mn,mn+1) may be constructed (see Figure 8). Thus, we
conclude with the following theorem.
Theorem 3.6. (Construction of checkerboard IC-nets in the Blaschke model) A
checkerboard IC-net is uniquely determined by hyperboloids H, H˜ (with marked L- andM -families
of generators on each hyperboloid) of a pencil of quadrics containing Z and two points `1,m1 of
the hypercycle base curve C = H ∩Z.
We now briefly discuss some illustrative classes of checkerboard IC-nets.
3.2.1 (Confocal checkerboard) IC-nets
In [AB], confocal checkerboard IC-nets are characterised by the property that their lines are
tangent to a conic. In this paper, we make the assumption that the conic is either an ellipse or a
hyperbola so that, by means of a rotation and a translation (which constitute special Laguerre
transformations, this conic may be brought into the form
x2
a
+
y2
b
= 1. (1)
Tangent lines to the conic are given by
xx0
a
+
yy0
b
= 1
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Figure 9. The elliptic and hyperbolic cones (3) and the hypercycle base curves of confocal checker-
board IC-nets in the Blaschke cylinder model.
with
x20
a
+
y20
b
= 1. (2)
If we set v = (v, w) in the (v, d) description employed at the beginning of Section 3, this leads
to v = x0d/a and w = y0d/b so that (2) may be expressed in terms of the cone
av2 + bw2 = d2. (3)
We refer to the latter as “elliptic” if a > 0, b > 0 and “hyperbolic” if ab < 0. The hypercycle
base curve C is the intersection of the cone (3) with the Blaschke cylinder v2 +w2 = 1. It has two
connected components and is symmetric with respect to the change of orientation (v, w, d) →
(−v,−w,−d). In the plane, the two components of the hypercycle are the conic (1) equipped
with two different orientations. Confocal checkerboard IC-nets are parametrised explicitly in
Section 5.
As observed in Remark 2.1, any IC-net may be regarded as a (confocal) checkerboard IC-net
by interpreting each line of the IC-net as a “double line”, that is, two identical lines of opposite
orientation represented by ±(v, w, d). Accordingly, one of the hyperboloids of the corresponding
checkerboard IC-net constitutes a cone of the form (3). Indeed, the latter may be regarded as
a characterisation of IC-nets in the context of checkerboard IC-nets.
3.2.2 Degeneration to rhombic checkerboard IC-nets
Hyperbolic confocal checkerboard IC-nets may be regarded as deformations of “rhombic” checker-
board IC-nets, that is, checkerboard IC-nets composed of identical rhombi. In order to show
this, letH and H˜ be the two hyperboloids underlying a hyperbolic checkerboard IC-net N . Since
the two hyperboloids belong to a pencil of quadrics, H˜ may be regarded as a deformation of H
with the parameter of the pencil playing the role of the deformation parameter. This implies, in
turn, that we may interpret N as a deformation of a confocal checkerboard IC-net Nc for which
H˜ = H = Hc coincide. According to the construction of checkerboard IC-nets summarised in
Theorem 3.6, Nc can only be non-trivial if the L-family on H coincides with the M -family on
H˜ (and vice versa), thereby representing the same family of generators on Hc. Hence, we here
assume that the choice of the L-and M -families on the hyperboloids associated with N has been
made in such a manner that, in the limit H˜ → H, this non-triviality requirement is met.
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Figure 10. Deformation of a rhombic checkerboard IC-net. Top to bottom: A rhombic checkerboard
IC-net. A slightly deformed “almost rhombic” checkerboard IC-net with equal hyperboloids H = H˜.
A hyperbolic checkerboard IC-net from a larger deformation with equal hyperboloids H = H˜. Left
to right: Conics in the d = 0 plane (The corresponding pencil has 4 base points). The checkerboard
IC-net in the Blaschke cylinder model. The checkerboard IC-net in the plane.
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The next step (see Figure 10) is to consider a one-parameter family of confocal checkerboard
IC-nets Nc() with underlying hyperboloids Hc() given by
w20v
2 − v20w2 = 2(∆2 − d2),  ≥ 0, ∆ > 0
with v20 + w
2
0 = 1, v0w0 6= 0 and
w20 − 2∆2 > 0
for hyperbolicity of N (). In the limit  → 0, the hyperboloid Hc(0) degenerates to the union
of the two planes
P± : w0v ± v0w = 0
passing through the axis of the Blaschke cylinder Z, equipped with two special points on the
axis given by
P± = (0, 0,±∆).
In fact, it is easy to show that the generators of the hyperboloid Hc() become straight lines
passing through either P+ or P− as → 0. Specifically, all lines Ln associated with the degenerate
checkerboard IC-net Nc(0) in the Blaschke cylinder model lie in the plane P−, whereby all L2k
pass through P−, while all L2k+1 pass through P+. Similarly, all lines Mn lie in the plane
P+ and all M2k pass through P−, while all M2k+1 pass through P+. Moreover, without loss of
generality, the lines of Nc(0) are given by `2n = (v0, w0, 4n∆), `2n+1 = (−v0,−w0,−2(2n+1)∆),
m2n = (v0,−w0, 4n∆), m2n+1 = (−v0, w0,−2(2n+1)∆) so that Nc(0) is indeed of rhombic type.
It is observed that rhombic checkerboard IC-nets are non-generic since the corresponding
hypercycle base curve C consists of four straight lines parallel to the axis of Z. The simplest
generic checkerboard IC-nets are obtained by “switching on” the parameter . The conics
obtained by intersecting the quadric Hc() with the d = 0 plane for some “small”  are displayed
in Figure 10 (left). It is important to note that the number of real base points of the pencil of
conics in the d = 0 plane associated with the checkerboard IC-nets Nc(), that is, the number of
points common to the conics of the pencil in the d = 0 plane is 4. This distinguishes hyperbolic
confocal checkerboard IC-nets from elliptic confocal checkerboard IC-nets as discussed in detail
in Section 5.
4 Checkerboard IC-nets as Laguerre transforms of confocal
checkerboard IC-nets
We will now examine under what circumstances checkerboard IC-nets may be regarded as La-
guerre transforms of confocal checkerboard IC-nets. The associated analysis may naturally be
split into two parts.
4.1 Pre-normalisation
In homogeneous coordinates ∼ (v, w, 1, d), the quadratic forms of the pencil of quadrics associ-
ated with a confocal checkerboard IC-net with normalised conics (1) are diagonal. Indeed, the
cone (3) and the Blaschke cylinder v2 + w2 = 1 generate the whole pencil. It is easy to see
that the converse statement is also true if we include in our definition of confocal checkerboard
IC-nets the case of the lines being “tangent” to a degenerate ellipse or hyperbola corresponding
to a > 0, b → 0 or b > 0, a → 0. In this case, all lines pass through the two focal points. The
cases a < 0, b→ 0 or b < 0, a→ 0 may be excluded since the hypercycle base curve consists of
only two points corresponding to two lines which only differ in their orientation and which may
not be used to construct a proper checkerboard IC-net.
13
Theorem 4.1. A generic checkerboard IC-net is confocal with its lines being tangent to a nor-
malised conic of the form (1) if and only if the quadratic forms of the associated pencil of quadrics
are diagonal in homogeneous coordinates ∼ (v, w, 1, d).
The above theorem implies that a pencil of quadrics associated with a general (that is, non-
normalised) confocal checkerboard IC-net is diagonalisable by Laguerre transformations of the
form (47) (Appendix) since Euclidean motions constitute particular Laguerre transformations.
On the other hand, since the lines of confocal checkerboard IC-nets are tangent to two copies
of the same conic which have two different orientations, a Laguerre transformation separates
those two copies and one obtains a hypercycle which consists of two possibly intersecting pieces
(see Figure 7). It is therefore natural to investigate the question of the diagonalisability of
generic pencils of quadrics which are not necessarily associated with confocal checkerboard IC-
nets. Thus, we now consider a generic checkerboard IC-net withH being one of its corresponding
generic hyperboloids so that the diagonalisability of the associated pencil of quadrics is equivalent
to the diagonalisability of H. Let (Q˜i,j)i,j=1,...,4 be the symmetric matrix of its quadratic form in
coordinates (v, w, 1, d). Our genericity assumption is equivalent to Q˜4,4 6= 0. The normalisation
Q˜4,4 = −1 therefore leads to
Q˜ =
(
S˜ a
aT −1
)
,
where S˜ is a symmetric matrix, and a ∈ R3. By means of a Laguerre transformation (46)
(Appendix) with the matrix
A =
(
1 0
aT 1
)
,
Q˜ is brought into the block diagonal form
Q = AT Q˜A =
(
S 0
0 −1
)
, (4)
where S is symmetric. Furthermore, the matrix Q may be diagonalised by a Laguerre transfor-
mation A′ only if it is of the form
A′ =
(
B 0
0 1
)
with B ∈ O(2, 1). Hence, we conclude that the pencil of quadrics associated with a generic
checkerboard IC-net is diagonalisable by a Laguerre transformation if and only if there exists a
B ∈ O(2, 1) such that
BTSB
is diagonal, where S is defined by (4).
4.2 Diagonalisation
In the preceding, it has been demonstrated that the question of whether or not a checkerboard
IC-net may be Laguerre-transformed into a confocal checkerboard IC-net may be answered by
determining the class of symmetric 3× 3 matrices S which may be diagonalised according to
S → BTSB, B ∈ O(2, 1).
It is important to note that S represents the conic intersection of the quadric
(v w 1)S
 vw
1
 = d2 (5)
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Type Type and
multiplic-
ity of base
points
# of
real
base
points
Type and
multiplicity
of degener-
ate conics
Type
and mul-
tiplicity
of roots
Ia 1, 1, 1, 1 4 ×,×,× 1, 1, 1
Ib 1, 1, (1, 1¯) 2 ×, ◦, ◦¯ 1, (1, 1¯)
Ic (1, 1¯), (1, 1¯) 0 ×, •, • 1, 1, 1
IIa 2, 1, 1 3 2×,× 2, 1
IIb 2, (1, 1¯) 1 2•,× 2, 1
IIIa 2, 2 2 2 =,× 2, 1
IIIb (2, 2¯) 0 2 =, • 2, 1
IV 3, 1 2 3× 3
V 4 1 3 = 3
Figure 11. The classification of real pencils of conics. There exist four different types of degenerate
conics. (×) Two real intersecting lines. (◦) Two non-intersecting complex lines. (•) Two complex
conjugate lines which intersect in a real point. (‖) A real double line.
and the plane d = 0. Since the matrix Z = diag(1, 1,−1) representing the “Blaschke circle”
v2 + w2 = 1 is invariant under the action of the group O(2, 1), the matrix S is diagonalisable if
and only if the one-parameter family of matrices
Sλ = S + λZ
encoding the pencil of conics P spanned by the conic associated with S and the Blaschke circle
is diagonalisable. It is noted that the roots of the characteristic cubic polynomial
P (λ) = detSλ
correspond to the degenerate conics of P. Furthermore, it is evident that S is diagonal if and
only if one conic in P different from the Blaschke circle (and therefore any conic) is symmetric
with respect to the v- and w-axes.
We will now demonstrate that diagonalisability may be characterised in terms of the real
base points of the pencil P, that is, the points (on the Blaschke circle) common to all conics of P
(or, equivalently, any particular pair of conics of P). The proof of the following theorem is based
on the standard classification of pencils of conics [L] in terms of the number and nature of the
base points which are determined by the roots of the quartic equation, representing the common
solutions of v2 +w2 = 1 and (5)d=0. This classification is in one-to-one correspondence with the
number and nature of roots of the characteristic polynomial P (λ) associated with any pencil.
The present theorem is a variant of a theorem [L] which states that a symmetric matrix S is
diagonalisable by means of a projective transformation if and only if the corresponding pencil is
of type Ia, Ic, IIIa or IIIb in the classification tabled in Figure 11. Normal forms of degenerate
conics associated with this classification are depicted in Figure 12.
Theorem 4.2. The matrix S may be diagonalised if and only if the associated pencil of conics
P has four, two double or no real base points, that is, if P is of type Ia, Ic, IIIa or IIIb.
Proof. If S is diagonal then the associated pencil P is symmetric with respect to the v- and
w-axes. This symmetry cannot be present in types other than Ia, Ic, IIIa or IIIb. Conversely,
it is necessary to show that if the pencil is of any of those four types then P can be made
symmetric or, equivalently, Sλ is diagonalisable for one λ 6=∞.
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ll
Ia
l
◦, ◦¯
Ib
l
l
∞
↑
Ic
2×
IIa
∞
2•
IIb
2 =
IIIa
∞ 2 =
IIIb
3×
IV
3 =
V
Figure 12. Degenerate conics of real pencils of conics containing the Blaschke circle. For each
type, a normal form is shown with respect to projective transformations which preserve the Blaschke
circle. For types I, the normal form still depends on one parameter, which is indicated by l. The
∞ symbol indicates that the line (point) is chosen to be the line at infinity (the point at infinity in
the designated direction).
Ia) Four real base points. In this case, we may apply a projective transformation which
transforms the Blaschke circle into an ellipse and maps the four base points to the four vertices
of a rectangle which is symmetric with respect to the v- and w-axes. An appropriate subsequent
affine transformation then maps the ellipse to the Blaschke circle without affecting the symmetry
of the rectangle. The composition of these two transformations constitutes an O(2, 1) transfor-
mations since it leaves the Blaschke circle invariant. This compound transformation results in
a symmetric distribution of the base points and, hence, the transformed pencil is symmetric.
IIIa) Two real double base points. In this case, there exists a degenerate conic consisting
of two real lines which touch the Blaschke circle. A suitable combination of a projective and an
affine transformation sends the vertex of this degenerate conic to infinity and maps the inter-
mediate ellipse back to the Blaschke circle. The degenerate conic may therefore be transformed
into w2 = 1 which is symmetric.
Ic) Four complex base points. In this case, there exists a degenerate conic consisting of two
intersecting real lines which do not intersect the Blaschke circle. A suitable combination of a
projective and an affine transformation sends the vertex of this degenerate conic to infinity and
maps the intermediate ellipse back to the Blaschke circle. The degenerate conic may therefore
be transformed into (w − a)(w + b) = 0, where a, b > 1. It is not difficult to show that a
suitable hyperbolic rotation in the (w˜, z˜)-plane (with (w˜, z˜) ∼ (w, 1)) leads to a = b so that the
degenerate conic simplifies to w2 = a2 which is symmetric.
IIIb) Two complex double base points. In this case, there exists a degenerate conic consist-
ing of two coinciding real lines which do not intersect the Blaschke circle. A suitable combination
of a projective and an affine transformation sends this double line to infinity and maps the in-
termediate ellipse back to the Blaschke circle. The transformed double line is therefore given by
z˜2 = 0 which is symmetric.
In summary, it has been established that the matrix S may be diagonalised if and only if
the associated pencil of conics P has four, two double or no real base points. This leads to the
following characterisation.
Theorem 4.3. A generic checkerboard IC-net is Laguerre-equivalent to a confocal checkerboard
IC-net if and only if the hypercycle base curve of the associated pencil of quadrics consists of
two non-degenerate loops on the Blaschke cylinder which are either disjoint or transversal.
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Proof. Since the statement to be proven is invariant under Laguerre transformations, it suffices
to examine the nature of the base curves of “normal forms” of generic pencils of quadrics. These
are determined by the normal forms of the associated pencils of conics. The normal forms of
degenerate conics which together with the Blaschke circle span pencils of conics of types Ia, Ic
and IIIa, IIIb have been derived in the proof of the preceding theorem. In a similar manner, the
remaining types of pencils may be treated. Accordingly, one obtains the classification of pencils
of quadrics displayed in Figure 13. The associated base curves are also depicted in Figure 13. It
is noted that the base curves of types Ic+ and IIIb− are empty and, therefore, do not correspond
to a hypercycle. The types Ia and Ic− are associated with a double hyperbola and a double
ellipse respectively, while the types IIIa+, IIIa− and IIIb+ correspond to the special cases of the
hypercycle consisting of two points, a double line and a double circle respectively. As pointed
out in connection with Theorem 4.1, the case of a double line does not give rise to a proper
checkerboard IC-net. Accordingly, we find that confocal checkerboard IC-nets are captured by
the types Ia, Ic−, IIIa+ and IIIb+ which confirms the assertion of the theorem.
Remark 4.1. A stronger notion of genericity is obtained by considering only those checkerboard
IC-nets which are generically generated by means of the iterative geometric construction of
checkerboard IC-nets described in Section 4. In this case, generic checkerboard IC-nets are of
types Ia, Ib± and Ic− so that the case of two transversal components of the hypercycle base
curve cannot occur and must be removed from the above theorem.
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Type
Normal form of a degenerate
quadric
Type and multiplicity of degenerate quadrics
?
Ia w2 − a2 = +(−)d2, 0 < a < 1
Ib± w(bw − 1) = ±d2, |b| < 1
complex
cone
complex
cone
c.c.
?
(+)
complex
cone
complex
cone
c.c.
?
(−)
Ic± w2 − a2 = ±d2, a > 1
imag.
cone
imag.
cylinder
?
(+)
?
(−)
IIa± w(w − 1) = ±d2
(2)
?
(+)
(2)
?
(−)
IIb± (w − 1) = ±d2
(2)
?
(+)
imag.
cone
(2)
?
(−)
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IIIa± w2 = ±d2
(2)
?
(+)
c.c.
planes
(2)
?
(−)
IIIb± 1 = ±d2
(2)
?
(+)
c.c.
parallel planes
imag.
cone
(2)
?
(−)
(3)
?
IV (w − 1)v = +(−)d2
V± (w − 1)2 = ±d2
(3)
?
(+)
c.c.
planes
(3)
?
(−)
double plane
(3)
?
O 0 = +(−)d2
Figure 13. Normal forms of degenerate quadrics of generic pencils, corresponding to the clas-
sification of different types of planar pencils of conics listed and illustrated in Figures 11 and 12.
These are obtained by “adding” a ±d2 term to the algebraic representation of the degenerate conics
depicted in Figure 12. However, type O corresponds to the case S = 0 which does not encode a
pencil of conics in the (v, w)-plane. Note that types Ia, IV, and O each generate only one class,
that is, different signs in ±d2 lead to equivalent pencils. Types Ic+ and IIIb− correspond to empty
hypercycles. For each type, a normal form of one degenerate quadric is given which spans the generic
pencil together with the Blaschke cylinder. Furthermore, for each type, all degenerate quadrics are
shown together with the hypercycle base curve. The multiplicity is given if greater than 1, and a ?
indicates that the degenerate quadric corresponds to the normal form recorded in the second column
of the table.
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5 An elliptic function representation of confocal checkerboard
IC-nets
Explicit parametrisations of confocal checkerboard IC-nets and their Laguerre transforms may
now be obtained by parametrising the hypercycle base curves associated with a pencil of quadrics
in terms of elliptic functions.
5.1 Elliptic confocal checkerboard IC-nets
It is recalled that “elliptic” confocal checkerboard IC-nets, that is checkerboard IC-nets the lines
of which are tangent to an ellipse
x2
α2
+
y2
β2
= 1, (6)
correspond to a pencil of quadrics
(α2 + λ)v2 + (β2 + λ)w2 = d2 + λ (7)
generated by an elliptic cone and the Blaschke cylinder, namely
α2v2 + β2w2 = d2, v2 + w2 = 1. (8)
In the following, we assume that α2 ≥ β2 without loss of generality. The associated base curve
is the set of all points (v, w, d) obeying the pair (8). This corresponds to types Ic− or IIIb+ of
the classification of pencils of quadrics with the two components of the base curve being mapped
into each other by d→ −d. The nature of any quadric H in the pencil (7) depends on the value
of the associated parameter λ. Accordingly, there exist two cases.
5.1.1 The case λ ≥ 0
In this case, the quadric H constitutes a one-sheeted hyperboloid (or a cone for λ = 0) which
is aligned with the Blaschke cylinder. If we now parametrise v and w in terms of Jacobi elliptic
functions [NIST] cn and sn respectively then the general solution of (8) is given by
v±(ψ) =
 v(ψ)w(ψ)
d±(ψ)
 =
 cn(ψ, k)sn(ψ, k)
±α dn(ψ, k)
 , k = √1− β2
α2
, (9)
where ψ constitutes the parameter along the (two components of the) base curve. Any pair of
points on the two components of the base curve may be represented by
v±(ψ0), v∓(ψ1), ψ1 = s+ ψ0 (10)
for any fixed choice of the above signs. If we demand that, for fixed s, the one-parameter family
of lines
l(ψ0, t) = v±(ψ0) + t[v∓(ψ1)− v±(ψ0)], t ∈ R (11)
consist of generators of the quadric H then we obtain a relationship between the parameters s
and λ which is to be independent of ψ0. Indeed, insertion of l into (7) produces
v(ψ0)v(ψ1)(α
2 + λ) + w(ψ0)w(ψ1)(β
2 + λ) = d±(ψ0)d∓(ψ1) + λ.
It is observed that, geometrically, the latter merely represents the fact that the points v±(ψ0)
and v∓(ψ1) are required to lie in the tangent planes to the hyperboloid (7) at those two points.
Now, comparison with the general identity [NIST]
cs sn(ψ0, k) sn(ψ1, k) + cc cn(ψ0, k) cn(ψ1, k) = cd dn(ψ0, k) dn(ψ1, k) + 1 (12)
cs = dc(s, k) + cd(1− k2) nc(s, k), cc = nc(s, k) + cd dc(s, k)
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for elliptic functions with ψ1 = ψ0 + s shows that it is required that
α2 + λ = λ nc(s, k)− α2 dc(s, k)
β2 + λ = λ dc(s, k)− α2(1− k2) nc(s, k).
Since the latter two conditions coincide, we conclude that
λ = α2
dc(s, k) + 1
nc(s, k)− 1 = α
2 cs2
(s
2
, k
)
≥ 0 (13)
so that any family of generators of the quadric (7) for λ ≥ 0 is encoded via the parametrisation
(9)-(11) in an appropriately chosen parameter s. In other words, a translation of the argument
ψ in the parametrisation (9) by some fixed quantity s together with a change of the component
of the base curve gives rise to a family of generators of a unique quadric H of the pencil. The
second family of generators is obtained by letting s→ −s.
5.1.2 The case −α2 ≤ λ ≤ −β2
This case corresponds to the remaining one-sheeted hyperboloids (and an elliptic and hyperbolic
cylinder for λ = −α2 and λ = −β2 respectively) of the pencil (7) which are aligned with the
v-axis. It is now convenient to introduce an additional parameter  in the parametrisation (9)
according to
v±(ψ) =
 cn(ψ, k) sn(ψ, k)
±α dn(ψ, k)
 , 2 = 1
and consider two points
v±(ψ0), v
−
± (ψ1), ψ1 = s+ ψ0 (14)
on any fixed component of the base curve. Then, the lines
l(ψ0, t) = v

±(ψ0) + t[v
−
± (ψ1)− v±(ψ0)], t ∈ R (15)
turn out to be generators on any hyperboloid H given by (7) for
λ = −β2 nd2
(s
2
, k
)
.
Once again, for any fixed λ in the current range, there exists an |s| such that the generators of
the associated quadric H which pass through the base curve are parametrised by (15). The two
signs of s correspond to the two families of generators of H.
5.1.3 Construction of elliptic confocal checkerboard IC-nets
In order to illustrate the construction of checkerboard IC-nets from pencils of quadrics presented
in Section 3, we consider two quadrics H and H˜ of the pencil (7) corresponding to a pair of
parameters s and s˜ which are related to λ, λ˜ > 0 by (13). It is recalled that any point (v, w, d)
of the base curve is in one-to-one correspondence with a line
vx+ wy = d.
In this sense, we refer to (v, w, d) as a point on the Blaschke cylinder or a line in the (x, y)-plane.
The first (“vertical”) family of lines of the elliptic confocal checkerboard is then given by
vv2n = v+(ψ
v
0 + n(s+ s˜)),
vv2n+1 = v−(ψ
v
0 + n(s+ s˜) + s),
n ∈ Z,
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where ψv0 is arbitrary and corresponds to one of the “initial conditions” of the construction. The
second (“horizontal”) family of lines is associated with the two other families of generators of
H and H˜ encoded in the parameters −s and −s˜ respectively. Accordingly, the construction of
confocal checkerboard IC-nets in this case may be summarised as follows.
Theorem 5.1. For any pairs of parameters α ≥ β > 0 and ψv0 , ψh0 and s, s˜, the lines
vv2n = v+(ψ
v
0 + n(s+ s˜)),
vv2n+1 = v−(ψ
v
0 + n(s+ s˜) + s),
vh2n = v+(ψ
h
0 − n(s+ s˜)),
vh2n+1 = v−(ψ
h
0 − n(s+ s˜)− s),
v±(ψ) =
 cn(ψ, k)sn(ψ, k)
±α dn(ψ, k)

k =
√
1− β
2
α2
.
(16)
form a (confocal) checkerboard IC-net and are tangent to the ellipse
x2
α2
+
y2
β2
= 1.
The parameters s, s˜ determine the associated hyperboloids H, H˜ of the pencil
(α2 + λ)v2 + (β2 + λ)w2 = d2 + λ
according to
λ = α2 cs2
(s
2
, k
)
.
“Embedded” elliptic confocal checkerboard IC-nets are obtained by requiring periodicity,
that is,
s+ s˜ = 4K+
4K
N
, N ∈ N, (17)
where the quarter-period K(k) of the Jacobi elliptic functions is given by the complete elliptic
integral of the first kind, and demanding that the two families of lines vv and vh coincide up to
their orientation. The latter may be achieved by relating the parameters ψv0 and ψ
h
0 according
to
ψv0 = 2K+ ψ
h
0 − s
so that
vv2n = −vh−2n+1, vv2n+1 = −vh−2n.
If we now parametrise the constraint (17) by
s = 2K+
4K
N
− κ, s˜ = 2K+ κ,
where κ is the arbitrary parameter, then
ψh0 = ψ
v
0 +
4K
N
− κ. (18)
For κ = 0, the lines vv2n and v
v
2n−1 coincide up to their orientation and the quadric H˜ becomes
the cone (8)1 since s˜ = 2K so that λ˜ = 0. Hence, as discussed in Section 3, an elliptic IC-net is
obtained as depicted in Figure 14 (left) for N = 32 and ψv0 = 0.2. Here, α = 2 and β = 1. As
κ increases, the coinciding lines separate and the circles of zero radius between the coinciding
lines enlarge so that a non-degenerate confocal checkerboard emerges with H˜ being a proper
hyperboloid. An elliptic confocal checkerboard IC-net for κ = 0.1 is displayed in Figure 14
(right).
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Figure 14. Periodic elliptic confocal checkerboard IC-nets for α = 2, β = 1, N = 32. Left: κ = 0,
corresponding to the degenerate case of an IC-net. Right: κ = 0.1.
5.2 Hyperbolic confocal checkerboard IC-nets
The lines of “hyperbolic” confocal checkerboard IC-nets are tangent to a hyperbola given by,
without loss of generality,
x2
α2
− y
2
β2
= 1.
In terms of the Blaschke model, the associated pencil of quadrics
(α2 + λ)v2 − (β2 − λ)w2 = d2 + λ (19)
is generated by the pair of quadrics
α2v2 − β2w2 = d2, v2 + w2 = 1.
The base curve is the intersection of these two quadrics (and all members of the pencil), cor-
responding to type Ia− of the classification of pencils of quadrics. The two components of the
base curve are mapped into each other via v → −v. As in the elliptic case, the base curve may
be parametrised in terms of elliptic functions and one has to distinguish between two cases.
5.2.1 The case −α2 ≤ λ ≤ 0
In this case, any quadric H constitutes a one-sheeted hyperboloid (or a cone for λ = 0 and an
elliptic cylinder for λ = −α2) which is aligned with the v-axis. It is then readily verified that
v±(ψ) =
v±(ψ)w(ψ)
d(ψ)
 =
±dn(ψ, k)k sn(ψ, k)
α cn(ψ, k)
 , k = √ α2
α2 + β2
(20)
covers all points of these two components. Given any two points of the form (10) on the two
components of the base curve, one may now determine the corresponding quadric H of the pencil
which contains the lines (11) as generators for fixed s and all ψ0. A calculation along the lines
of the previous subsection reveals that the pencil parameter λ linked to the parameter s is given
by
λ = −α2 cn2
(s
2
, k
)
. (21)
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Figure 15. Periodic hyperbolic confocal checkerboard IC-nets for α = β = 1, N = 32. Left: κ = 0,
corresponding to the degenerate case of an IC-net. Right: κ = 0.1.
5.2.2 The case λ ≥ β2
This case corresponds to the remaining two-sheeted hyperboloids H (or a hyperbolic cylinder
for λ = β2) of the pencil (19) which are aligned with the Blaschke cylinder. In analogy with the
elliptic case, it is convenient to introduce a parameter  in the parametrisation
v±(ψ) =
±dn(ψ, k)k sn(ψ, k)
α cn(ψ, k)
 , 2 = 1
of the base curve. Then, any pair of points of the type (14) on any fixed component of the base
curve may be connected by a line (15) which constitutes a generator of the quadric (19) for
λ = (α2 + β2) ds2
(s
2
, k
)
independently of the value of ψ.
5.2.3 Construction of hyperbolic confocal checkerboard IC-nets
Once again, as an illustration, we now consider two quadrics H and H˜ of the pencil (19) defined
via the relation (21) by given parameters s and s˜. The formulae (16) for the two families of
lines of the corresponding confocal checkerboard IC-nets remain valid in the current hyperbolic
case but v± and k are now defined by (20). In fact, the conditions (17)-(18) for embeddedness
are likewise applicable. Thus, for κ = 0, one obtains hyperbolic IC-nets as illustrated in Figure
15 (left) for N = 32, ψv0 = 0.2 and α = β = 1. Furthermore, a hyperbolic confocal checkerboard
IC-net for κ = 0.1 is depicted in Figure 15 (right).
5.3 IC-nets and discrete confocal conics
We conclude this section by relating IC-nets to the discrete confocal conics proposed in [BSST1,
BSST2]. For brevity, we focus on the class of IC-nets which is subsumed by the class of elliptic
checkerboard IC-nets captured by Theorem 5.1. These IC-nets are associated with the choice
s˜ = 2K, corresponding to a cone as the corresponding quadric H˜. Thus, if we set s = 2K + δ
and ψ
v/h
0 = δn
v/h
0 then the explicit parametrisation (16) leads to the following corollary.
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Corollary 5.2. The (coinciding pairs of non-oriented) lines of an elliptic IC-net of the type
captured by Theorem 5.1 may be represented by the lines
vvn1 = v(δ(n
v
0 + n1)), v
h
n2 = v(δ(n
h
0 − n2)), ni ∈ Z, (22)
where
v(ψ) =
v(ψ)w(ψ)
d(ψ)
 =
 cn(ψ, k)sn(ψ, k)
α dn(ψ, k)
 , k = √1− β2
α2
. (23)
In the sense of Laguerre geometry, the quadruples of oriented lines
vvn1 , v
h
n2 , −vvn1+1, −vhn2+1
are tangent to circles so that, by construction,∣∣∣∣∣∣∣∣∣∣
1 vvn1 w
v
n1 d
v
n1
1 vhn2 w
h
n2 d
h
n2
1 −vvn1+1 −wvn1+1 −dvn1+1
1 −vhn2+1 −whn2+1 −dhn2+1
∣∣∣∣∣∣∣∣∣∣
= 0 (24)
which coincides with the known identity [NIST]∣∣∣∣∣∣∣∣
1 sn(z1, k) cn(z1, k) dn(z1, k)
1 sn(z2, k) cn(z2, k) dn(z2, k)
1 sn(z3, k) cn(z3, k) dn(z3, k)
1 sn(z4, k) cn(z4, k) dn(z4, k)
∣∣∣∣∣∣∣∣ = 0, z1 + z2 + z3 + z4 = 0 (25)
for Jacobi elliptic functions if one identifies the arguments in (24) and (25) appropriately. The
point of intersection (x×, y×) of two lines vvn1 and v
h
n2 is given by the solution of the two linear
equations
vvn1x× + w
v
n1y× = d
v
n1 , v
h
n2x× + w
h
n2y× = d
h
n2 . (26)
If we now make the change of variables
n1 = m2 +m1, ξ1 = δ
[
m1 +
1
2
(nv0 + n
h
0)
]
n2 = m2 −m1, ξ2 = δ
[
m2 +
1
2
(nv0 − nh0)
]
,
leading to
vv = v(ξ1 + ξ2), v
h = v(ξ1 − ξ2),
where we have suppressed the dependence on mi ∈ 12Z, then consideration of the sum and the
difference of the linear equations (26) and application of the addition theorems for Jacobi elliptic
functions produces the following result.
Theorem 5.3. The points of intersection of the pairs of lines (vvm2+m1, v
h
m2−m1) of the elliptic
IC-nets (22), (23) are given by the compact formulae
x× = α cd(ξ1, k) dc(ξ2, k), y× = α(1− k2) sd(ξ1, k) nc(ξ2, k) (27)
with
ξ1 = δ
[
m1 +
1
2
(nv0 + n
h
0)
]
, ξ2 = δ
[
m2 +
1
2
(nv0 − nh0)
]
. (28)
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These lie on the conics
x2×
λe(ξ2)
+
y2×
µe(ξ2)
= 1,
x2×
λh(ξ1)
+
y2×
µh(ξ1)
= 1, (29)
where
λe = α2 dc2(ξ2, k), µ
e = α2(1− k2) nc2(ξ2, k)
λh = α2k2 cd2(ξ1, k), µ
h = −α2k2(1− k2) sd2(ξ1, k),
which are confocal to the ellipse of contact (6).
Proof. It is straightforward to verify that ξ1 and ξ2 as given by (28) obey the quadratic relations
(29). Moreover, since
λe − µe = λh − µh = α2k2 = α2 − β2,
the conics (29) are indeed in the set of confocal conics defined by the ellipse (6).
As proven in [AB], the centres of the circles of IC-nets lie on affine transforms of confocal
conics. Hence, the algebraic structure of their coordinates should coincide with that of the points
of intersection of pairs of lines as given by (27). In order to confirm this assertion, it is observed
that the centre (x, y) and the radius r of any particular circle are determined by solving any
three equations of the linear system
vx + wy − r = d, v ∈ {vvn1 ,vhn2 ,−vvn1+1,−vhn2+1}.
Elimination of r leads to the pair of equations
(vvn1 − vhn2)x + (wvn1 − whn2)y = (dvn1 − dhn2)
(vvn1+1 − vhn2+1)x + (wvn1+1 − whn2+1)y = (dvn1+1 − dhn2+1).
(30)
Once again, the addition theorems for Jacobi elliptic functions and the double- and half-“angle”
formulae [NIST]
sn(2z, k) =
2 sn(z, k) cn(z, k) dn(z, k)
1− k2 sn4(z, k)
sn2(12z, k) =
1− cn(z, k)
1 + dn(z, k)
give rise to a compact form of its solution.
Theorem 5.4. The centres of the circles of the elliptic IC-nets (22), (23) are given by
x = α dc( δ2 , k) cd(ξ1, k) dc(ξ2 +
δ
2 , k)
y = α(1− k2) nc( δ2 , k) sd(ξ1, k) nc(ξ2 + δ2 , k).
(31)
These constitute the vertices of a discrete confocal coordinate system on the plane, that is, there
exist functions f(m1), g(m1) and f˜(m2), g˜(m2) such that(
x
y
)
=
1√
a− b
(
f(m1)f˜(m2)
g(m1)g˜(m2)
)
(32)
and
f(m1)f(m1 +
1
2) + g(m1)g(m1 +
1
2) = a− b
f˜(m2)f˜(m2 +
1
2)− g˜(m2)g˜(m2 + 12) = a− b,
(33)
where a− b = α2k2.
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Proof. The structure of the solution (31) of the linear system (30) shows that it factorises
according (32). If we choose the scaling of the functions f, g and f˜ , g˜ in such a manner that
f = |αk|
√
dc( δ2 , k) cd(ξ1, k)
f˜ = α
√
dc( δ2 , k) dc(ξ2 +
δ
2)
g = |αk|
√
1− k2
√
nc( δ2 , k) sd(ξ1, k)
g˜ = α
√
1− k2
√
nc( δ2 , k) nc(ξ2 +
δ
2)
(34)
then it may be verified that the difference equations (33) are indeed satisfied. Here, we have
assumed that cn( δ2 , k) > 0, which is compatible with the continuum limit δ → 0. The other case
may be dealt with in a similar manner but requires the introduction of factors of the type (−1)m1
and (−1)m2 in the definitions of f, g and f˜ , g˜ respectively. This corresponds to “superdiscrete”
IC-nets which do not admit a continuum limit. Finally, since the pair (32), (33) characterises
discrete confocal coordinate systems on the plane [BSST2], the proof is complete.
Remark 5.1. Up to the shift of the argument ξ2 → ξ2 + δ2 and the affine transformation
(x, y)→ (Ax, By), A = cd( δ2 , k), B = cn( δ2 , k).
the formulae (27) and (31) coincide. This confirms that the centres (x, y) lie on affine trans-
forms of the confocal conics associated with the ellipse (6). Equivalently, this implies that the
affine transforms (A−1x×, B−1y×) are likewise vertices of a discrete confocal coordinate system.
In fact, the points (x, y) and (A−1x×, B−1y×) are part of the same (extended) discrete con-
focal coordinate system of (12Z)
2
combinatorics. Another implication of this connection is that
the functions f, g and f˜ , g˜ as given by (34) satisfy the algebraic identities
Af2 +Bg2 = a− b, Af˜2 −Bg˜2 = a− b. (35)
The latter constitute the algebraic constraints on discrete confocal coordinate systems as defined
by (32), (33) which give rise to the privileged IC-net-related discrete confocal coordinate systems
touched upon in the preceding. These have been discussed in detail in [BSST2].
Remark 5.2. If we eliminate, for instance, g between (33)1 and (35)1 then we obtain a first-order
difference equation for f , namely
(A2 −B2)f21
2
f2 + 2(a− b)B2f 1
2
f − (a− b)A(f21
2
+ f2) + (a− b)2(1−B2) = 0,
where f = f(m1), f 1
2
= f(m1 +
1
2). The latter may be regarded as a first integral of a difference
equation of second order. Indeed, if we regard B2 as the associated constant of integration then
elimination of B leads to
f1 =
F 1(f 1
2
)− fF 2(f 1
2
)
F 2(f 1
2
)− fF 3(f 1
2
)
(36)
with
F 1(f 1
2
) = 2(a− b)f 1
2
, F 2(f 1
2
) = f21
2
+ (a− b)A, F 3(f 1
2
) = 2Af 1
2
(37)
and f1 = f(m1 + 1). Remarkably, (36), (37) constitutes a particular symmetric case of an
18-parameter family of integrable reversible mappings of the plane known as QRT maps [QRT].
These play a fundamental role in the theory of discrete integrable systems and are known to be
parametrisable in terms of elliptic functions, which is in agreement with the parametrisation of
IC-nets presented in the preceding.
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Figure 16. Examples of generalised checkerboard IC nets involving three (right) and four (left)
different hyperboloids.
6 Generalised checkerboard IC-nets
The construction of checkerboard IC-nets in terms of the Blaschke cylinder model as described
in Section 3 may immediately be generalised in a natural manner. Thus, for any given pencil of
quadrics which contains the Blaschke cylinder Z, we first select two (“horizontal” and “vertical”)
sequences of hyperboloids Hhn and Hvn belonging to this pencil. We then choose two points
`1 and m1 of the associated hypercycle base curve and iteratively construct two sequences of
points `n and mn on the hypercycle base curve by “moving along” generators Ln and Mn of the
corresponding hyperboloids Hhn and Hvn respectively, that is,
Ln = (`n, `n+1) ⊂ Hhn, Mn = (mn,mn+1) ⊂ Hvn.
If, for any i, k, the two hyperboloids Hhi and Hvk coincide and the corresponding generators Li
and Mk have been chosen in such a manner that they are not in the same family of generators
of the common hyperboloid then the lines `i, `i+1 and mk,mk+1 circumscribe an oriented circle.
In particular, if Hn := Hhn = Hvn and Hn+2 = Hn then standard checkerboard IC-nets are
retrieved. An example of a generalised checkerboard IC-net in the case of period 4, that is,
Hn+4 = Hn is displayed in Figure 16 (left). Another example of period 4 which involves only
three hyperboloids with H4n+1 = H1, H2n+2 = H2, H4n+3 = H3 is also depicted in Figure 16
(right).
In algebraic terms, the construction of generalised checkerboard IC-nets may be implemented
as follows. Here, we focus on a pencil of quadrics which has already been normalised so that
(a+ λ)v2 + (b+ λ)w2 = d2 + λ
with underlying normalised cone and Blaschke cylinder
av2 + bw2 = d2, v2 + w2 = 1.
Any prescribed sequence of (suitably constrained) pencil parameters λn then corresponds to a
sequence of hyperboloids Hn which, in the following, represents one of Hhn or Hvn. The procedure
described below may then also be applied to the other sequence of hyperboloids. Now, given a
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point vn = (vn, wn, dn) (that is, either `n or mn) on the hypercycle base curve, the two choices
for the point vn+1 corresponding to the pair of generators of the hyperboloid Hn passing through
vn are obtained by intersecting the hypercycle base curve with the tangent plane of Hn at vn.
Algebraically, this is expressed by
(a+ λ)vnvn+1 + (b+ λ)wnwn+1 = dndn+1 + λ. (38)
If we eliminate vn+1 and wn+1 between this tangency condition and the hypercycle base curve
constraints
av2n+1 + bw
2
n+1 = d
2
n+1, v
2
n+1 + w
2
n+1 = 1 (39)
then we obtain a quartic in dn+1 which, by construction, contains the factor (dn+1 − dn)2.
Accordingly, we are left with a symmetric and biquadratic relation between dn+1 and dn which
reads
κd(d
2
nd
2
n+1 + ab) + d
2
n + d
2
n+1 + 2κvκwdndn+1 = 0, (40)
where
κv =
λ2 + 2aλ+ ab
λ2 − ab , κw =
λ2 + 2bλ+ ab
λ2 − ab , κd = 4
λ(λ+ a)(λ+ b)
(λ2 − ab)2 .
For a given point vn, the two choices for the point vn+1 therefore correspond to the two roots
of the quadratic (40). In order to verify algebraically the uniqueness of the components vn+1
and wn+1 once dn+1 has been fixed, it is convenient to be aware of the pair of linear equations
(in vn+1 and wn+1)
κwavnvn+1 + κvbwnwn+1 + dndn+1 = 0, κvvnvn+1 + κwwnwn+1 = 1 (41)
which may be extracted from the compatible system (38), (39). One may directly verify that
the pair (41) may be combined to reproduce the tangency condition (38).
We observe in passing that for any given sequence λn, the biquadratic equation (40) may
be regarded as a non-autonomous extension of the first integral of a particular member of
the symmetric class of QRT maps alluded to at the end of the previous section. In the case
of standard confocal checkerboard IC-nets, the coefficients of the biquadratic are of period 2.
Non-autonomous QRT maps with periodic coefficients and their relation to discrete Painleve´
equations have been discussed in detail in [RGW].
As an illustration of the above formalism, we consider the “elliptic” case analogous to that
discussed in Section 5.1.1, that is,
a = α2, b = β2, λ ≥ 0.
Then, any given sequence sn determines both the hyperboloids Hn according to
λn = α
2 cs2
(sn
2
, k
)
, k =
√
1− β
2
α2
and, via sgn(sn), to which families the generators (Ln or Mn) belong. The solution of the system
(40), (41) is given by
vn =
 cn(ψn, k)sn(ψn, k)
(−1)nα dn(ψn, k)
 , ψn+1 = ψn + sn
and the coefficients κv, κw and κd read
κv = nc(sn, k), κw = dc(sn, k), κd = α
−2 sc2(sn, k)
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so that the relations (41) are seen to encode the classical “pencil” of addition theorems (12) for
Jacobi elliptic functions.
We conclude by translating the construction of “periodic” generalised checkerboard IC-nets
in terms of the Blaschke model into a direct geometric construction in the plane with suitably
prescribed Cauchy data. Here, we consider the case Hhn = Hvn = Hn. We first observe that if we
prescribe the line m1 and the lines `n which are in oriented contact with a given hypercycle then
a corresponding generalised checkerboard IC-net for which each quadruplet of lines `n, `n+1,
mn,mn+1 is in oriented contact with a circle is uniquely determined. Indeed, there exists a
unique line m2 which is in oriented contact with the hypercycle and the unique circle in oriented
contact with the lines `1, `2 and m1. In this manner, all lines mn may be constructed iteratively.
In the periodic case Hn+N = Hn, N ≥ 2 for which the circles inscribed in the quadruples
of lines `n, `n+1, mn+kN ,mn+kN+1 are required to exist (cf. Figure 16 (left) for N = 4), it
is sufficient to prescribe the lines m1 and `1, . . . , `N+1. In order to make good this assertion,
we first construct the lines m2, . . . ,mN+1 in the manner described above. The triples of lines
m1,m2, `N+1 and `1, `2,mN+1 then give rise to associated circles in oriented contact which,
in turn, determine the lines `N+2 and mN+2 via oriented contact with the respective circle
and the hypercycle. By virtue of Lemma 3.2, the existence of these two circles and the circle
circumscribed by the lines `1, `2,m1,m2 now implies that the lines L1 = (`1, `2),M1 = (m1,m2)
and LN+1 = (`N+1, `N+2),MN+1 = (mN+1,mN+2) are generators of the same hyperboloid
which one may denote by H1 = HN+1 and, moreover, that LN+1 and MN+1 are not in the same
family of generators of H1. This guarantees the existence of a circle which is in oriented contact
with the quadruple of lines `N+1, `N+2,mN+1,mN+2. Iterative application of this procedure now
generates the entire generalised checkerboard IC-net of period N . Finally, we merely mention
that generalised checkerboard IC-nets of the type displayed in Figure 16 (right) are determined
by lines m1 and `1, `2, `3, `4 which are in oriented contact with a hypercycle.
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A Laguerre geometry
Here, we present the basic facts about Laguerre geometry, focussing on the Blaschke cylinder
model employed in this paper for studying checkerboard IC-nets. We begin with the more
fundamental Lie sphere geometry. Lie sphere geometry in the plane is the geometry of oriented
circles and lines. These are described as elements of the Lie quadric
L = P (L3,2), L3,2 = {x ∈ R3,2| < x, x >R3,2= 0}.
Let e1, e2, e3, e4, e5 be an orthonormal basis with signature (+ + + − −). For our purposes,
another basis e1, e2, e5, e∞, e0 defined by
e0 =
1
2
(e4 − e3), e∞ = 1
2
(e4 + e3), < e0, e∞ >= −1
2
turns out to be more convenient. Elements of L with non-vanishing e0-component are identified
with oriented circles |x− c|2 = r2, centred at c ∈ R2 and of radius r ∈ R:
s = c+ re5 + (|c|2 − r2)e∞ + e0. (42)
Points are circles of radius r = 0, and oriented lines (v,x)R2 = d are elements of L with vanishing
e0-component:
p = v + e5 + 2de∞. (43)
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The incidence < p, s >= 0 is the condition
(c,v)− r = d (44)
of oriented contact of a circle and a line.
The Lie sphere transformation group PO(3, 2) acting on P (R3,2) preserves the Lie quadric
L and maps oriented circles and lines to oriented circles and lines, preserving oriented contact.
Its subgroup of Laguerre transformations preserves the set of straight lines or, equivalently, the
hyperplane
P = span{e1, e2, e5, e∞} = {w ∈ R3,2| < w, e∞ >= 0}.
Direct computation shows that the elements of PO(3, 2) preserving the hyperplane P are of the
form λB 0 αbT 1 ν
0 0 λ−2

in the basis e1, e2, e5, e∞, e0, where
B ∈ O(2, 1), b ∈ R2,1, α = λ
2
Bb, ν =
λ
4
(b, b)R2,1 , λ ∈ R.
In order to pass to the Blaschke cylinder model of Laguerre geometry, we confine ourselves
to the subspace P = span{e1, e2, e5, e∞}. Elements of this space can be identified with straight
lines, described (projectively) by
p˜ = v˜ + s˜e5 + 2d˜e∞
as points of the Blaschke cylinder
Z = {[p˜] ∈ P (R2,1,1)||v˜|2 = s˜2}. (45)
Identification with (43) is made via the normalisation of the e0-component: v = v˜/s˜, d = d˜/s˜.
It is noted that the symmetry with the description of circles (42) in Lie sphere geometry is no
longer present in the Blaschke cylinder model, and oriented circles are described as the sets of
all straight lines in oriented contact, i.e., the sets of lines satisfying the condition (44), that is
S = {(v, d) ∈ R3|(c,v)R2 − r = d}.
Furthermore, Laguerre transformations restricted to the subspace of lines P = span{e1, e2, e5, e∞}
are of the form
A =
(
λB 0
bT 1
)
. (46)
Theorem A.1. The group of Laguerre transformations in the Blaschke (projective) cylinder
model (in the basis e1, e2, e5, e∞) is represented by matrices of the form (46), where B ∈
O(2, 1), b ∈ R2,1, λ ∈ R. These transformations preserve the Blaschke cylinder (45).
We conclude by observing that Euclidean motions
x→ x˜ = Rx+ ∆, R ∈ O(2), ∆ ∈ R2
are particular Laguerre transformations, the corresponding matrix of which is given by (46) with
B =
(
RT 0
0 1
)
, b =
(
2R∆
0
)
(47)
and λ = 1.
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